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Definitions

1. Define Span{vy,vs,v3}.

P emed
= Z y AR 2 b= GVt Vet §
' gbi sorma C, 12,3 a R

= Ju seto§ U G ¥at can \g.a‘"“‘\_, by _}Suﬂ-'a? &aﬁﬂ-’q
v.l’,lt u]

2. Define linear Independence of vectors {31,32, v3}.

§$5,02,95 % 05 Rineally inflagendint

& 3
#a %uﬁon X.V:+X;V;*X3V3=O
has LINTR, A A arioeadl Soluhon

3. Define “T : R™ — R™ is a linear transformation”

T(+7)= T(R) + () 6_'\ ALL T{I"}' A TRY
D Al ALL <& n [
TCe#)= <T@ == |

4. Define “T : R®™ — R™ is one-to-one”
T((X) =5 Whas AT MOST om sg’«.‘{\’oﬂ
6’6\ ud-\ ‘;‘ NN TRW\

5. Define “T": R™ — R™ is onto”
TR)=F e AT LE,A'SI ore.  soludion
fre eadh G -~ R"
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General Linear Transformations

1. Let T : R® — R3 be defined so that 7'(x) = Ax where

1 =& =32 1 -1 1
A=1|-1 2 3 u=|0 |, b=1|2|, and c= |2
1 = el -1 0 5
(a) Compute T'(u).
D= [1=3 -2 ([ |3
o 12 7 )[4} 3
S -l 2
(b) Find all solutions to the equation 7T'(x) = b solle AR =(@
S olut I =3 -2 | -3 -a |-
| 2 3 2|~ o -l ) ) fat+f,
S e B o -l ([ 1 ]34
| =3 - ) I o -s|-Y ]h-37
~J
o -l (v ~Y]o Vb
o (o o o o o 0O o
y o § |- X, +5x3=-f x = =15k
~ o o & Xy =Xz =-| > %= -l+Kz
(o) (o) (0] (8] "3 l\'-k
)‘3@\11
(c) Is ¢ in the range of T'? Justify your answer. sb( Ai‘ =-c_‘ -
v -3 -2l | -3 -] -
s 3, ~vlo -t v |
= 4 o 4 Jle
I =3 -3~ g
~l o =] LN o s A COA
o o 09|59 M e gelutio
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2. (No Computation) Define T : R® — R? be defined so that 7'(x) = Ax where
2 3 -1
4= {1 = 2}

(a) What is the domain of 77

Demaia = t"‘fh" SPACR = TRB

) What is the co-domain of 7'?

Co oQOMum “ ou+-Pq+ spae = \Rl

(¢) Describe the Range of 7" as the span of a set of vectors.

Rawll S §13] [3) 1S

3. (No Computation) How many rows and columns must a matrix A have in order to define a
mapping from R® into R7 by the rule 7'(x) = Ax?

AN



























Exam II Review Math 202 Class 24

Name:

Section:

4. Let X = ‘:il], v, = [ 25], and vy = [ 32], and let 7 : R2 — R? be a linear transformation
. _ _

N

that maps X to z;V; + z2Vo. Find a matrix A so that T'(x) = Ax for every X.

X( U’i & X‘)\T;

"li-ﬂ ”’i}’}

2 3|
-5 -2 ) £%
\___./\/

A

Td)

1

\!

5. Find the standard matrix of the linear transformation 7" : R? — R? that sends e; to e; — 3e;

and leaves e, unchanged.
[1-30¢]= (4]
9]

A': Tee) T(Q:)] - -'3 ?

"

T@) -2, - 3¢,

T@E@)=%,
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6. Prove that 7'(x) = 3x is a linear transformation.
=

PR | TO & lwn > T(Xrdd) =T +die)
b o2 T, 7 ank M 4

Conpak: —~
Tt +d3) = 3 (ca +03)

Q
-co3d v

— L —c.TW) + & TO) g _

P T s ﬁ\‘&u

7. Prove that T'(x) = 3x + 1 is not linear transformation.
]

P ® TR is Liraan D T2 +dD)= cT@) 4-Tw)
64\ JLR,7 b c,o(

@:&u
A< R
TCet +&9) = 3(ca+dv) |

1Q C. T+ 37 + |
f ——— }
J@) EE))

7‘ - Tedy +-Q-Ted)

S

T s oT QJMJJ\
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8. Let transformation 7 : R?2 — R? be a linear transformation with

1 -1
T(e;) = EO and T(ez) = [ 3 ‘I ;
0

1
(a) Find the standard matrix A of 7'
A=[r -

o 3
Y

(b) Determine if the transformation 7" is one-to-one.

T om-to-om <= CoQuMns ag }t ass l‘l\aﬂflhg'-a"-.

unt  Sdidions o AR =3

I -t| b (t -1 |]©O i =1 o I =t |6

o2 |o ~ lo 3]0 ~ o I |o|~]0 !]o

j o |0 ol lo o 1[0 o o9
1

Unigut selupran

=)
A S .‘,\an

T 5 om-4o-om.

(¢) Determine if the transformation 7" is onto.

T s onto & C‘Q‘AMU\I .& A Spa= ’Ri
= P‘uol- in tadh row.

Rul oo Pivot i~ Rouw3

§2 T is Mot ontv.
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9. Let transformation 7 : R® — R3 be a linear transformation with

2
-2
0

(a) Find the standard matrix A of 7.

2

0
and T'(e3) = |4].
1

1

T(e)) =

A: 2 >3 (&)
- a Y
o ) |

(b) Determine if the transformation 7" is one-to-one.

one -fo- onn. & Cde-“w\nj A A o “,\&F«QQJ‘

T s
2 a ole° A 2 oo 2 A ol o
“-x A Y|lo[~]O 49 d|o|~]0o 1 1]6
o | Il o o | I 10 o (L 1 |0
*« 2 o0 |6
~ |l o I | o
0o 0o o0 }o
T A ot MQAP=>T HOT onw -he-0

A_l_g?.‘.lo‘l‘ -~ d3 =>

(c) Determine if the transformation 7" is onto.

T is ot & clumms f A sper’
£) plok W 2ach row.
Bur
Ao piuot i~ Row3
= T  Nor onatv.
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» A is 3x2 B

10. Suppose that T : R? — R? is a linear transforma lorqrwmh standard form matrix A.

Prove that T is not onto. (Cite all relevant definitions and theorems by number).

PeQ T S ML, & lumus £ A Span mx

E A v Puot in  @ada MOW

Buf‘

—

gou commst A3 ook
R ink A C_'Quw\n;

So.
1P T (Av\v\o“' lee OA"‘v.

11. Give an example of a linear transformation 7' : R?> — R3 that is one-to-one (Hint: define T
by choosing its standard matrix).

AN A=[‘SZ] Ko, TKE)2AR is om-to-onr.

—

12. Suppose T : R? — R3 is linear. Is it true that 7" is one-to-one if and only if 7" is onto? Why
doesn’t this violate the invertible matrix theorem?

RO, Buk e invehldt mabeix oo

ony aﬂ)Q.u l'os‘bku. Mmatr ea.
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P A s ax3 [ﬁ - =5

13. Suppose T : R3 — R? is linear. Prove that 7" cannot be one-to-one.

: Ha Standald madax A
Poq) T 8 oeheew & % + ol imns

LA s a ploot ¢ 2edh

e,

1Q But W  Caunot 6—\"“ 3 p.'oo"'!
wh 2 Cows

1P 30 T cCaunot e ona-4o-aw

14. Give an example of a linear transformation 7' : R3 — R? that is onto (Hint: define 7' by
choosing its standard matrix).

L A=T% %35)
o T(R®)= AR S onbo.

15. Suppose 7" : R3 — R? is linear. Is it true that 7" is one-to-one if and only if 7" is onto? Why
doesn’t this violate the invertible matrix theorem?

No .
Bacawse Ha TMT owut A(;(;Q;na\-o Sfers anafiey.



Exam II Review Math 202 Class 24

Name: Section:

Matrix Operations

1. Compute the following matrix operations, or explain why they are undefined.

2
3x3 3x *a
(b) BA X -
o ¢ 3 -3 (
it -a}[;.: 1.7
s | ax3 3 =2 6
¥2 - “.?x}
(c) A )
{2 0’?1‘ 3\ 3
o) -
1)
(d) 24 - 3B
o | ﬂ-w\e ;
2 o \ - . WS s ond
1[3§2 |]-3 s{ T DNvE ( Qo' oabd
(e) 2AT — 3B

10
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1
A= |1
1

3x3

(a) State the domain and co-domain of the transformation 7" defined by T'(x) = AX.

2. Let

W = Ot
o = O

Qomain = inpd spa =R?
Co &omil\~ = ou‘?d Sf‘“ ‘-TR-;

(b) Compute A~!.

| S5 o\l o o I $ o I 00

: ( 1le v o] -4 1 |-t 1 0] FR

'\ 3 o9 o | © -2 o |-l 0o || »-n

I S o \ o o |l & o tlo ©

~lo o I |1 ) "qYp-33 [0 -2 0 [t O

O -2 0 {44 0 ) o o | [ 1 -2

I-% ( so |4 0 O | o © |34 o 33 |]n5R
oo 11y | -2 © o | I 1 -2
e
A-l

(c) Let b = L2} . Use the inverse of A to solve the matrix equation AX = b.

- - '1 - - - -
Aﬁ I:F 2 X A L a/j] Ya o W .
[ t =2 l|f

Pl
0

- ¥

11
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3. Rewrite (AB)~!(B + A) using the properties of matrix operations.

(Careful: Multiplication is not commutative).

f
(AB)"(Bi—A) Rreut_ distabale
= (A9'B + (AB)Y'A
<M 2N
=Rg"A"B + BATA

=B AB+ B'T.
TRAT'R +B — canmat  Rpumiht

———

4. Rewrite (B + A)(AB)~! using the properties of matrix operations.

(Careful: Multiplication is not commutative).

(BN (ABY” fle Dished

- T A (AR
B(ﬁz) + R

R-B' A + AR A

"

= T,.-A" +A3A™
A & ABTAT e Cannd renk

12
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Square Matrices

The Invertible Matrix Theorem (IMT)

Suppose that A is an n x n matrix, and that 7 : R® — R" is defined by T'(x) = AXx.

Then, the following are equivalent.

Section:

Class 24

A is

inveah L‘j

13
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1. Suppose that A is an n x n matrix. Prove the following statements by “walking through the
tree” of the Invertible Matrix Theorem. You must show every step.

(a) Suppose that an n x n matrix A is invertible.

Prove that the columns of A span R™.
——— pre——

:L{r A is cavehlalt D AN LA
= A buas ~ pivob
T-‘-) A has Pl'.)o"' 'n 2_«00-\ Row
—

< columas 4 A spaa RN

—
(b) Suppose that an n x n matrix A is not invertible. Prove that the columns of A
e —— —_— i
are linearly dependent. P

H A s mer invakble D A IaA
= A Lstan't lave =N P;"OH
3 fout ave pivot in 2ach colamn

—

(c) Suppose that A is an n x n matrix, and that AX = 0 has a unique solution.
Prove that A is invertible.

ré A?:ﬁ has P u\v\tﬁv-ﬂ. SQQ“"‘.U"
DA s pive- = eads coluimn

DA heo =~ ?f\"O"

- . \
= A 'S 1AV M“'\ u&
(d) Suppose that A is an n x n matrix, and that AX = b does not have a solution
for some b in R™. Prove that A is not invertible.

rh Ax=W Jaean'r A S analiie soleckion
D A Qotanh ag ~ pit I 2ach 0w
- A Dotent e P\bdﬂ

= A ®XTn
=) A w~ot taveble .

14
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2. Determine if the following matrices are invertible using as few computations as possible.

s«bm/ (e) 4= B 421] Recadl

. e, olamn ¢S o
noltt Dlikel ok ot Tndep

M e . &Q &h‘ ('\:’gﬁ Nf{z"\ c‘reuww\
D wolumns an N P"‘ T 5 o Muo.“fq\
= A is ivehle i of #e

-2 6
(b) A= 1 “3}

Mgle - {f}]:(—3)[ ‘Q]

and w=2
= olumns an DJLPQ“\&'*-"‘
= A is Por tt\ub\'\":w
m— (0 0) ~ [' o °]

;.bwuu/

© | O

] 2 3 a 3
gb..u./ d A= |0 0 6] ~ [ ‘o o ;] .\,[

00 2 o ° >

1

oo ivek in d LRuma

Dota~+ have 3 pioob

=

A is 20T s Aveailele.



Exam II Review Math 202 Class 24

Name: Section:
Theorems
NOARD
Theorem 2 There are 3 cases for the reduced echelon form of a linear system’s augmented matrix
1. The system has @) solutions if 14 Coatmiag : Lo ol .J
2. The system has 1 solutions if it o pivet uh eack o l# CoLLumy |

3. The system has @9 = MMM solutions if Soma  coeff. Lorwmy 0 acks ap:do"‘

Theorem 4: The columns of an m X n matrix A span R™

if and only if there is a pivot N Roey ROW.
9 —

Shortcuts to Recognize Dependence
e [f one column of A is a multiple of another, then the columns of A are linearly dependent.
e If {a),...,a,} contains 0, then {ay,...,a,} is linearly dependent.

e /f an m X n matrix A has more columns than rows (if n > m),
then the columns of A are linearly dependent.

Theorem 5 If A is an m X n matrix, u,v € R"® and ¢ € R, Then

and -3
e A(U+V)= @ + AU

oA(c-ﬁ)z C'A_u

Properties of Linear Transformations
-

e If T is linear, then T(B) - 0

e Tislinear < T(c-u+d-v)= CcT@E@+ &1—(;)

Theorem 10 Let 7°: R™ — R™ be linear.

Then there is a unique m x n matrix A s.t. T(x) = AX.

In Fact, A = }T(Qj) oo T(Qv\)

Theorem 12 Let 7°: R™ — R™ be linear with standard matrix A. T

(a) T is onto <= ‘\LL O‘Quw\us ,/x A seau\ RM F} A Wad ?\'.m&' in el Egt:
(b) T is one-to-one <= ra CoQMMu} )‘g A PINY i’&ﬁ“&o"’ E A W ‘,;\m{.

A eacl, ColumA

16



